We revisit Khudaverdian's geometric construction of an odd nilpotent operator ∆ E that sends semi-densities to semi-densities on an anti-symplectic manifold. We find a local formula for the ∆ E operator in arbitrary coordinates and we discuss its connection to Batalin-Vilkovisky quantization. MCS number(s): 53A55; 58A50; 58C50; 81T70.
where E AB = E AB (Γ) is the corresponding matrix representation. Besides carrying gradings ǫ(E) = 1 and p(E) = 2, the anti-symplectic two-form E has two defining properties. First, E is closed,
where the grading conventions for the exterior derivative
are ǫ(d) = 0 and p(d) = 1. Secondly, E is non-degenerate, i.e. the anti-symplectic matrix E AB has an inverse matrix E AB ,
Instead of the compact exterior form notation E, one may equivalently formulate the above conditions with all the indices written out explicitly in terms of the matrices E AB or E AB . In detail, the gradings are ǫ(E AB ) = ǫ A + ǫ B + 1 = ǫ(E AB ) , p(E AB ) = 0 = p(E AB ) , (2.5) the skew-symmetries are 6) while the closeness condition and the equivalent Jacobi identity read cycl. A,B,C (−1)
7)
cycl. A,B,C 8) respectively. The inverse matrix E AB with upper indices gives rise to the anti-bracket [1] (F,
which satisfies a graded skew-symmetry and a graded Jacobi identity as a consequence of eqs. (2.6) and (2.8). There is an anti-symplectic analogue of Darboux's Theorem that states that locally there exist Darboux coordinates Γ A = {φ α ; φ * α }, such that the only non-vanishing anti-brackets between the coordinates are (φ α , φ * β ) = δ α β = −(φ * β , φ α ). In Darboux coordinates the anti-symplectic two-form is simply E = dφ * α ∧ dφ α .
Odd Laplacian ∆ ρ on Scalars
A scalar function F = F (Γ), a density ρ = ρ(Γ) and a semi-density σ = σ(Γ) are by definition quantities that transform as
respectively, under general coordinate transformations Γ A → Γ ′A , where J ≡ sdet ∂Γ ′A ∂Γ B denotes the Jacobian. We shall ignore the global issues of orientation and choice of square root. In principle the above F , ρ and σ could either be bosons or fermions, however normally we shall require the densities ρ to be invertible, and therefore bosons.
Given a choice of density ρ one may define the odd Laplacian [4] 
that takes scalars to scalars of opposite Grassmann parity. The odd Laplacian (3.2) has a geometric interpretation as a divergence of a Hamiltonian vector field [3, 11] 
Here X Ψ := (Ψ, ·) denotes a Hamiltonian vector field with a Grassmann-odd Hamiltonian Ψ, and the divergence div ρ X of a vector field X, with respect to the measure density ρ, is
The fact that the odd Laplacian (3.3) is non-zero, shows that anti-symplectic manifolds do not have an analogue of the Liouville Theorem mentioned in the Introduction. As a consequence of the Jacobi identity eq. (2.8), the square operator
Conventionally, one imposes additionally that the ∆ ρ operator is nilpotent ∆ 2 ρ = 0, but this is not necessary for our purposes. 4 Khudaverdian's ∆ E Operator on Semi-Densities Khudaverdian showed that one may define a Grassmann-odd, nilpotent, second-order operator ∆ E without a choice of density ρ. This ∆ E operator does not take scalars to scalars like the odd Laplacian (3.2), but instead takes semi-densities to semi-densities of opposite Grassmann parity. Equivalently, the ∆ E operator transforms as
under general coordinate transformations Γ A → Γ ′A , cf. eq. (3.1). Khudaverdian's construction relies first of all on an atlas of Darboux charts, which is granted by an anti-symplectic analogue of Darboux's Theorem, and secondly, on a Lemma by Batalin and Vilkovisky about the possible form of the Jacobians for anti-canonical transformations, also known as anti-symplectomorphisms.
Lemma 4.1 "The Batalin-Vilkovisky Lemma" [12, 10, 7, 8, 9, 13] . Consider a finite anti-canonical transformation between initial Darboux coordinates Γ A (i) and final Darboux coordinates
Here ∆ Given Darboux coordinates Γ A the ∆ E operator is defined on a semi-density σ as [6, 7, 8, 9, 13] (
where ∆ 1 is the ∆ ρ operator (3.2) with ρ = 1. It is important in eq. 
under an anti-canonical transformation between any two Darboux coordinates Γ A (i) and Γ A (f ) . Proof:
The third equality is a non-trivial property of the odd Laplacian (3.2). The Batalin-Vilkovisky Lemma is used in the fourth equality. Strictly speaking, it is enough to consider infinitesimal anti-canonical transformations to justify the definition (4.3). The proof of the infinitesimal version of the BatalinVilkovisky Lemma goes like this: An infinitesimal anti-canonical coordinate transformation δΓ A = X A is necessarily a Hamiltonian vector field
and hence
due to the nilpotency of the ∆ 1 operator in Darboux coordinates. The "≈" sign is used to indicate that equality only holds at the infinitesimal level. (Here we are guilty of mixing active and passive pictures; the active vector field is properly speaking minus X.) A simple proof of the Batalin-Vilkovisky Lemma for finite anti-canonical transformations can be found in Ref. [13] .
On the other hand, once the definition (4.3) is justified, it is obvious that the ∆ E operator supercommutes with itself, because the Γ A -derivatives have no Γ A 's to act on in Darboux coordinates. Therefore ∆ E is nilpotent,
Same sort of reasoning shows that ∆ E = ∆ T E is symmetric.
The ∆ E Operator in General Coordinates
We now give a definition of the ∆ E operator that does not rely on Darboux coordinates. We claim that in arbitrary coordinates the ∆ E operator is given as
where
Eq. (5.1) is the main result of this paper. Notice that in Darboux coordinates, where E AB is constant, i.e. independent of the coordinates Γ A , the last two terms ν (1) and ν (2) vanish. Hence the definition (5.1) agrees in this case with Khudaverdian's ∆ E operator (4.3).
It remains to be shown that the right-hand side of eq. (5.1) behaves as a semi-density under general coordinate transforms. Here we will only explicitly consider the case where σ is invertible to simplify the presentation. (The non-invertible case is fundamentally no different.) In the invertible case, we customarily write the semi-density σ = √ ρ as a square root of a density ρ, and define a Grassmann-odd quantity
by dividing both sides of the definition (5.1) with the semi-density σ. Here we have defined
Hence, to justify the definition (5.1), one should check that ν ρ is a scalar under general infinitesimal coordinate transformations. Under an arbitrary infinitesimal coordinate transformation δΓ A = X A , one calculates The new definition (5.1) is clearly symmetric ∆ E = ∆ T E and one may check that the nilpotency (4.8) of the ∆ E operator (5.1) precisely encodes the Jacobi identity (2.8). The odd Laplacian ∆ ρ can be expressed entirely by the ∆ E operator and a choice of density ρ,
Since ν (2) depends on the anti-symplectic matrix E AB with lower indices, it is not clear how the formula (5.1) extends to the degenerate anti-Poisson case.
Application to Batalin-Vilkovisky Quantization
It is interesting to transcribe the Batalin-Vilkovisky quantization, based on the odd Laplacian ∆ ρ , into a quantization scheme that is based on the ∆ E operator, with the added benefit that no choice of measure density ρ is needed. Since the ∆ E operator takes semi-densities to semi-densities, this suggests that the Boltzmann factor exp[ ī h W E ] that appears in the Quantum Master Equation
should now be a semi-density, where
denotes the quantum action. In fact, this was a common interpretation (when restricting to Darboux coordinates) prior to the introduction of a density ρ around 1992, see for instance Ref. [10] , p.440-441. If one only considersh-independent coordinate transformations Γ A → Γ ′A for simplicity, this implies that the one-loop factor e −W 1 is a semi-density, while the rest of the quantum action, i.e. the classical action S and the higher loop corrections W n , n ≥ 2, are scalars as usual. For instance, the nilpotent operator F → e W 1 ∆ E (e −W 1 F ) takes scalars F to scalars.
At this stage it might be helpful to compare the above ∆ E approach to the ∆ ρ formalism. To this end, fix a density ρ. Then one can define a bona fide scalar quantum action W ρ as
or equivalently, e ī h
This scalar action W ρ satisfies the Modified Quantum Master Equation Returning now to the pure ∆ E approach with no ρ, the finite ∆ E -exact transformations of the form
play an important rôle in taking solutions W E to the Quantum Master Equation (6.1) into new solutions W ′ E . It is implicitly understood that all objects in eq. (6.6) refer to the same (but arbitrary) coordinate frame. In general, Ψ is a Grasmann-odd operator that takes semi-densities to semi-densities. If Ψ is a scalar function (=zeroth-order operator), one derives
The formula (6.7) is similar to the usual formula in the ∆ ρ formalism [13] . One may check that eq. (6.7) is covariant with respect to general coordinate transformations.
The W -X formulation discussed in Ref. [5] and Ref. [13] carries over with only minor modifications, since the ∆ E operator is symmetric ∆ T E = ∆ E . In short, the W -X formulation is a very general fieldantifield formulation, based on two Master actions, W E and X E , each satisfying a Quantum Master Equation. At the operational level, symmetric means that the ∆ E operator, sandwiched between two semi-densities under a (path) integral sign, may be moved from one semi-density to the other, using integration by part. This is completely analogous to the symmetry of the odd Laplacian ∆ ρ = ∆ T ρ itself. The X E quantum action is a gauge-fixing part,
which contains the gauge-fixing constraints G α in involution,
The gauge-fixing functions G α implement a generalization of the standard Batalin-Vilkovisky gaugefixing procedure φ * α = ∂Ψ/∂φ α . In the simplest cases, the gauge-fixing conditions G α = 0 are enforced by integration over the Lagrange multipliers λ α . See Ref. [13] for further details on the W -X formulation. The pertinent measure density in the partition function
is now located inside the one-loop parts of the W E and the X E actions. For instance, an on-shell expression for the one-loop factor e −H E is
where J = sdet(∂Γ A /∂Γ B ) denotes the Jacobian of the transformation
The formula (6.11) differs from the original square root formula [14, 15, 13] by not depending on a ρ density, consistent with the fact that e −H E is no longer a scalar but a semi-density. We recall here the main point that the one-loop factor e −H E is independent of the F α 's and the partition function Z is independent of the G α 's in involution, cf. eq. (6.9).
To summarize, the density ρ can altogether be avoided in the field-antifield formalism, at the cost of more complicated transformation rules. We stress that the above transcription has no consequences for the physics involved. For instance, the ambiguity that existed in the density ρ is still present in the choice of W E and X E .
with respect to the unprimed reference system. The third equality in eq. (A.1) uses a non-trivial property of the odd Laplacian (3.2). In the infinitesimal case δΓ A = X A , the expression for the Jacobian J reduces to a divergence ln J ≈ div 1 X, and one calculates
which is eq. (5.6).
B Proof of eq. (5.7)
The infinitesimal variation of ν (1) yields 4 contributions to linear order in the variation δΓ A = X A ,
IV .
(B.1)
They are
where we have noted various relations among the contributions. Altogether, the infinitesimal variation of ν (1) becomes
(1)
which is eq. (5.7).
C Proof of eq. (5.8)
The infinitesimal variation of
yields 8 contributions to linear order in the variation δΓ A = X A , which may be organized as 2 × 4 terms δν (2) = 2(−δν 
III := (−1)
I + δν
V , (C.5)
II + δν 
V I := (−1)
where we have noted various relations among the contributions. The Jacobi identity (2.8) for E AB is used in the second equality of eq. (C.7). Altogether, the infinitesimal variation of ν (2) becomes δν (2) = 3δν 
